We obtain the long-time asymptotic similarity solution for the wetting front for water absorption from a constant source into a homogeneous layer of soil with a pre-existing moisture distribution. The presence of the initial water distribution in the soil introduces a time-shift that advances the position of the wetting front. The time-shift can be explicitly calculated for any form of di usivity. A dynamic time-shift is derived to yield a very e cient means for estimating the water content distribution and front position for all times in Brooks-Corey type soil models. 
Introduction
We study the problem of estimating the motion of wetting fronts for water absorption into unsaturated layers of soil that already have some distribution of moisture content. Let be a normalized volumetric water content, with = 1 corresponding to the maximum water content, occurring at a constant source at the edge of the soil layer, x = 0, and = 0 describing dry soil. Richards' equation Richards, 1931] describes the evolution of (x; t) due to conduction and di usion. For horizontal in ltration, conduction due to gravity is neglected reducing the problem to the porous medium di usion equation Philip, 1955; Philip, 1969; Parlange, 1971; Parlange, 1973] , ( 1) where D( ) is the soil water di usivity. Assume a onedimensional in nite layer of homogeneous soil on the range 0 x < 1. At the edge of the layer is a water source maintained at a constant level, (0; t) = 1. If initially the soil had a uniform moisture content, for example if it were initially dry, (x; 0) = 0, then this problem has a well-known Boltzmann-type similarity solution of the form (x; t) = (z) where the similarity variable is z = x= p t and the similarity function (z) satis es the nonlinear ordinary di erential equation Klute, 1952; Bruce and Klute, 1956; Philip, 1955] 
If the soil has some non-uniform initial water content,
then the similarity solution (x= p t) is no longer the exact solution of the absorption problem. In particular, the pre-existence of water in the soil can advance the position of the wetting front further into the layer than might be expected from (x= p t). However, as described by Zeldovich and Barenblatt Zeldovich, 1985; Zeldovich and Raizer, 1967; Barenblatt, 1996] , for broad classes of di usion problems the long-time motion of the wetting front can still be given in terms of the similarity solution, independent of most of the details of the initial data 0 (x). Zeldovich studied problems for thermal waves and ame propagation in media with weakly perturbed initial temperatures for combustion Zeldovich, 1985] . We begin our solution of the wetting front for the absorption problem Parlange, 1995; Parlange, 1984] by illustrating this principle for the linear di usion equation and then extend the result to hold for all forms of nonlinear soil water di usivity D( ).
The linear problem For a soil layer with a constant di usivity, independent of , equation (1) Carslaw and Jaeger, 1959] , the solution of the non-uniform problem for equation (4) 
Solution (6) has distinct contributions from the similarity solution (5) and from the initial moisture distribution 0 (x). We now show that for large times, the integral of the initial moisture content helps select an \advanced" similarity solution.
As described earlier, the presence of an initial distribution of water in the soil can have the e ect of advancing the progress of the wetting front. Such an \advanced front" can be represented by the similarity solution (x; t) = ? x= p t + ; (8) where the new similarity variable is z = x= p t + and 0 is a time-shift constant. If the initial distribution of moisture 0 (x) is con ned to a limited range in the soil, 0 x < L, and it is dominated in intensity by the constant source, 0 (x) < 1, then for long times as t ! 1, we can expect that the similarity solution (8) will closely approximate the solution (6).
To demonstrate this, we expand equation (6) 
By matching successive terms in equations (9) and (11) (12) that yields the optimal approximation Witelski and Berno , 1998 ] of the exact solution (6) by the similarity solution (8) with error O(t ?5=2 ). At this point it is useful to note that the di usion coe cient is related to the rst moment of the similarity solution,
thus the time-shift is really the ratio of the rst moments of the initial water content and the similarity solution,
We will now show that equation (14) also applies to the nonlinear di usion equation (1) even though it can not be derived from an analytic representation of a general solution (6).
The nonlinear problem
The nonlinear porous medium equation (1) can also be written in terms of a Kircho di usivity potential function (see Bear, 1972] for example) as
where the di usivity is the derivative of the potential, D( ) = F 0 ( ). Integrating equation (15) 
and using integration by parts yields an equation for the evolution of the rst moment of the solution (x; t),
where
From the boundary condition at x = 0, we know the xed value of = 1 at the source, and if we assume that deep into the soil, the layer is dry, (x ! 1) ! 0, then the right side of equation (17) is a constant and obtain
where is a constant of integration. To demonstrate that in equation (19) is the time-shift given by equation (14), we must relate the potential F ( ) to the similarity solution (z). The di erence in the potential that appears in (19) can be expressed as a de nite integral of the di usivity,
Philip Philip, 1955; Philip, 1969] has shown that by using inverse variables, z = Z( ), instead of = (z), equation (2) can be integrated to yield a relationship between the di usivity and the similarity pro le Klute, 1952; Philip, 1960; Brutsaert, 1982; Parlange, 1995] ,
Therefore equation (20) becomes
If we apply integration by parts to the right side of equation (22), we obtain
The latter integral can be re-expressed as an iterated integral,
And in conclusion, by interchanging the order of integration, we can show that
where D is an equivalent di usion coe cient constant which, from equation (20), is actually the average diffusivity. Therefore, the time-shift given by (14) is valid for any form of di usivity D( ). Using equation (25) it is clear that knowledge of the detailed structure of the similarity solution (z) is not needed to calculate as long as the potential di erence or the average di usivity across the soil layer is given. We illustrate the accuracy of the advanced similarity solution with a numerical simulation of a simple example. Suppose that we have a layer of soil that corresponds to the similaritysolution Brutsaert, 1976; Brutsaert, 1982] ,
From equation (21) 
which is con ned to the range 0 x L = 3 =2 4:71 and has a peak moisture content of 20% of the source level. Using an implicit NewtonRaphson Crank-Nicolson nite-di erence scheme we solved equation (1) with di usivity (27) and initial condition (28); the computed solution at equally spaced times is shown in Figure 1 . Alternatively, to obtain the advanced similarity solution, we calculate the rst moment of (28) 
and the similarity solution can be expected to be accurate after the front has passed x = L, for times t > L 2 ?
18:2. For comparison, the advanced similarity solution and the numerical solution at time t = 21 are shown in Figure 2 ; the level of agreement is very good and will in fact improve as time increases, t ! 1. Not only is the front position wellrepresented, but the overall moisture distribution is also very accurate. These points will be expanded upon and made more concrete in the following section.
Sharp interface approximation
In general, the advanced similarity solution cannot describe all of the details of the interaction of the wetting front with the initial moisture at short times (see Figure 1) . However, for a broad class of soil diffusivities we can extend equation (14) to produce a dynamic time-shift (t) that yields a good approximation to the moisture distribution for > 0 (x). This approximation is applicable to problems that generate solutions with well-de ned wetting fronts that separate wet from dry soil Philip, 1957] . If the di usivity is degenerate for dry soil, D(0) = 0, then solutions of the porous medium equation (1) will have steep gradients at the wetting front, ! 0. Power law di usivities, D( ) = n with n > 0, used for Brooks-Corey models Corey, 1986] are the simplest examples of degenerate di usion functions. The example (27, 28) considered in the previous section also has a di usivity of this form with D( ) 2 as ! 0 and steep gradients in (z) as z ! z = 1.
Due to the sharp cuto in moisture content at z = 1 in (26) it is clear that the integral of the similarity solution appearing in the denominator of equation (14) can be replaced by the integral covering only the range up to the interface, 0 z z . In terms of x and t, the position of the interface or wetting front is x (t) = z p t + . By similarly evaluating the integral in the numerator of equation (14) on the interval up to the interface we get an implicit equation for (t),
This equation now de nes a dynamic time-shift (t) that is a function of time (see Figure 3) . Equation (31) is a consequence of assuming that 0 (x) does not di use at all and contributes no di usive ux across the interface x (t). We have assumed that the initial moisture distribution is small, 0 (x) 1. Since D( ) ! 0 as ! 0, the small initial moisture distribution 0 (x) will di use very slowly compared to the motion of the wetting front, (x= p t + ). Consequently, the form of the resulting extended approximate solution is now given in terms of the advanced similarity solution and the initial moisture content,
In Figure 4 we plot the approximation (31, 32) overlayed with the exact numerical solution for short times to show the strong level of qualitative agreement. As a more quantitative comparison, Figure 5 shows the motion of the wetting front, as represented by the position of the average moisture content level = 1=2, as a function of time. The advanced similarity solution with the dynamic time-shift becomes exact for short times, t ! 0, when there is almost no di usion of 0 (x), and also for long times, t ! 1, when all of the water in 0 (x) has become subsumed by the similarity solution and the limiting value for (t) given by equation (14) is achieved. As a result, model (32) only yields errors at intermediate times, when 0 (x) for x > x (t) has undergone signi cant di usion. Even so, Figure 5 shows that these errors are on the order of 5% or less.
Conclusion
By introducing a time-shift constant we have extended the applicability of the Boltzmann similarity solution (z) to describe the long time behavior for absorption into slightly wet soil layers. The time-shift is calculated from the initial moisture distribution and the average soil water di usivity. For degenerate di usion problems we can calculate a dynamic time-shift function yielding a good approximate solution for all times. Model (32) is a very e cient and tractable approximation to the moisture content. The direct numerical solution of equation (1) 
